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Implicit derivative

If z = y · sin(3x− 1) where x and y are defined by the system:{
x2 + y2 = t(x− 1)

2x− 3y = et

1. Express d2z(x, y).

2. Find dz
dt .
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Solution

1.
d2z = z′′xx(dx)

2 + 2z′xz
′
ydxdy + z′′yy(dy)

2

Where:
z′x = 3y · cos(3x− 1)

z′′xx = −9y · sin(3x− 1)

z′y = sin(3x− 1)

z′′yy = 0

z′xy = 3 · cos(3x− 1)

z′yx = 3 · cos(3x− 1)

d2z = −9y · sin(3x− 1) (dx)2 + 6 · cos(3x− 1) dx dy + 0 · (dy)2

2.
z′t = z′xx

′
t + z′yy

′
t

Solve the system of implicit equations {
x2 + y2 − tx+ t = 0

2x− 3y − et = 0{
(2x− t)dx+ 2ydy + (−x+ 1)dt = 0

2dx− 3dy − etdt = 0{
(2x− t)dx/dt+ 2ydy/dt+ (−x+ 1) = 0

2dx/dt− 3dy/dt− et = 0{
(2x− t)dx/dt+ 2ydy/dt = x− 1

2dx/dt− 3dy/dt = et

Write in matrix form: [
2x− t 2y

2 −3

] [
dx/dt
dy/dt

]
=

[
x− 1
et

]
Solve:

dx/dt =

∣∣∣∣x− 1 2y
et −3

∣∣∣∣∣∣∣∣2x− t 2y
2 −3

∣∣∣∣ =
−3x+ 3− 2yet

−6x+ 3t− 4y

dy/dt =

∣∣∣∣2x− t x− 1
2 et

∣∣∣∣∣∣∣∣2x− t 2y
2 −3

∣∣∣∣ =
2xet − tet − 2x+ 2

−6x+ 3t− 4y

z′t =
−3x+ 3− 2yet

−6x+ 3t− 4y
3y · cos(3x− 1) +

2xet − tet − 2x+ 2

−6x+ 3t− 4y
sin(3x− 1)

z′t =
1

−6x+ 3t− 4y

[
(−3x+ 3− 2yet)3y cos(3x− 1) + (2xet − tet − 2x+ 2) sin(3x− 1)

]
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